However the formula does not provide direct comparison between μ and p , which are two important numerical measures of the complexity of the singularity. In 1978, Durfee [2] made the following spectacular conjecture which has remained open ever since.
Durfee conjecture. Let σ be the signature of the Milnor fiber V' above. Then (1) σ<0, (2) 6p < μ with equality only when μ = 0. In this paper we prove the Durfee conjecture in the weighted homogeneous case. In fact we show that the conjecture itself is not sharp. More precisely, we have the following theorem. The proof of Theorem A makes use of the results of W. V. D. Hodge [3] and Milnor and Orlik [7] , Hodge's result allows us to express p g in terms of a number of positive integral points in the Newton polyhedron of /. (See §1 for a precise definition.) Thus Theorem A is related to the Main Theorem of [14] . However it does not follow directly from that theorem because the minimal weight of the variables z z may not be an integer. We need our previous result in [12] that the multiplicity v is inf{« e Z + : n > inf(w 0 , w χ , w 2 ) where w t is the weight of z z } which was also independently observed by Saeki [9] . The key point there is to prove that if w 0 > w { >w 2 and w 2 is not an integer, then w 2 = [w 2 ] + β , 0 < β < 1 and β is either w 2 /w 0 or w 2 /w { . We then need to get an even sharper estimate in a particular case than those obtained in the Main Theorem of [14] (cf. Theorem 2.4).
It is well known that the Durfee conjecture is not valid for general smoothable singularities. The validity of the Durfee conjecture for hypersurface singularities has the following important implication. It gives a necessary condition for a singularity to be hypersurface.
Give a function / with an isolated singularity at the origin, it is an important question to know wheither / is a weighted homogeneous polynomial or a homogeneous polynomial after a biholomorphic change of variables. The former question was answered by a celebrated paper [10] by Saito in 1973 . However the latter question has remained open ever since. In case / is a holomorphic function of three variables, the problem is solved. More precisely we have the following theorem. We thank Bruce Rezuick and Richard Randell for their interest in our work.
Preliminaries
Let /(z 0 , z { , , z n ) be a germ of an analytic function at the origin such that /(0) = 0. Suppose that / has an isolated critical point at the origin. / can be developed in a convergent Taylor series f{z Q , z χ , ,zj point in (C*) π+1 for any Δ e Γ(/) where C* = C -{0} . Let (V, 0) be an isolated hypersurface singularity defined by holomorphic function / : (C w+1 , 0) -> (C, 0). Let π: M -+ V be a resolution of the singularity at 0. Define the geometric genus of the singularity (V, 0) to be p g = dimH n~ι (M,(f) . Let ω be a holomorphic nform on V -{0} . ω is said to be iΛintegrable if f w _ {0} ω Λ ω < oo for any sufficiently small relatively compact neighborhood [5] for n = 2 and Yau [15] for n>2).
We say that a point p of the integer lattice Z n+ι in R" +1 is positive if all the coordinates of p are positive; then we have the following theorem. Notice that in the above formula, positive lattice points on Γ(/) are counted. This formula was proved by Hodge [3, §5] 4 (M, dM; R) is the orientation class. The bilinear form may be diagonalized, with diagonal entries +1, 0, and -1. The signature σ(M) of M is the signature of this bilinear form, namely, the number of positive minus the number of negative diagonal entries.
Sharp upper estimate of number of integral points in tetrahedron
The following Proposition 2.1, Corollary 2.2 and Theorem 2.3 are proved in our previous paper [14] . Let P be the number of positive integral solutions of (2.7); i.e., P = #{(*,;>;, z)eZ*: * + £ + §< 1}. Then 
Proof We first remark that if a < 3, then b < 3, c < 3, and P = 0. Observe that a > 2, and b >2\ otherwise ft = c = 2, which contradicts our hypothesis that c is not an integer. To prove (2.10), we only need to show
For the sake of argument, let us assume that β = % . The proof of (2.11) for β = % is similar. 
For a > 4, b > 2, we assert that where k { = ^, k 2 = % and
2.14) is actually a strict inequality. Because if equality in (2.14) is attained, then equality in (2.13) is also attained and hence we have a = 4, 6 = 2. It follows that c = 2 which contradicts our hypothesis that c is not an integer.
It remains to show that I { > 0 in the region Ω show in Figure 1 :
We first see that dl x ldk 2 does not vanish in Ω. Suppose 
Application to Durfee conjecture for weighted homogeneous hypersurface singularities and coordinate free characterization of homogeneous hypersurface singularities
Let V = {z E C 3 : f(z) = 0} be the germ of a complex hypersurface with an isolated singular point at the origin. For ε > 0 suitably small and δ yet smaller, the space V' = f~ι(δ)Γ\D ε (where D ε denotes the closed disk radius ε about 0) is a real oriented four-manifold with boundary whose diffeomorphism type depends only on V. It has been proved that V' has the homotopy type of a wedge of two-spheres; the Milnor number μ of two-spheres is readily computable. Let σ be the signature of the intersection pairing on the two-dimensional homology of the manifold V 1 . Let 0 be the geometric genus of the singularity (F, 0) i.e.,
where π: V -+ V is a resolution of F. In [2] , Durfee conjectured that the signature of the smoothing V 1 is nonpositive. This conjecture is implied by his other conjecture which says that 6p g < μ with equality only when μ = 0. These conjectures have been open for more than eleven years, although there is an example in [11] of a nonhypersurface singularity (the quotient of xy +yz + zx -0 by a group of order 7) which has a smoothing with positive signature. The purpose of this section is to prove an inequality for (V, 0) with C*-action, which implies the above conjectures automatically. We also give a coordinate free characterization when (V 9 0) is defined by homogeneous polynomial.
A We claim that w χ φw 2 . If w χ =w 2 , then a x = a 2 and it follows that w χ = w 2 = a χ + 1 = a 2 + 1 e Z, which contradicts our hypothesis. Hence we conclude that w χ > w 2 fi Z, Now we have proved (3.1) and also that the equality in (3.1) holds if (V, 0) is defined by homogeneous polynomial. It remains to prove that if (F, 0) is defined by homogeneous polynomial of degree v , then the equality in (3.1) holds, i.e., μ-v + \ = 6p g . By a result of [12] , (V, 0) has the same topological type as (W, 0) where W = {(z 0 , z χ , z 2 ) e C 3 : z£ + z^ + z 2 = 0}. On the other hand by a result of [16] , (V, 0) and (W, 0) have the same p , which is equal to \v{y -l)(i/ -2). Therefore μ -j, + 1 = (" + I) 3 Proo/ Recall by a theorem of [10] , after a biholomorphic change of coordinate / is a weighted homogeneous polynomial if and only if μ = τ. The result follows immediately from Theorem 3.2. Proof. The right-hand inequality of (3.7) follows trivially from the following Laufer's formula: (3.8) l+μ=l2p g
On the other hand, by Theorem 3.2 we have which implies
